Abstract-Traditionally, one typical way to deal with the sign function constrained non-smooth system is to divide the state space into two or more subspaces based on the direction of sign function. The resulting piecewise model is with complicated structure, leading to the difficulty in controller design as well as stability analysis. In this paper, an innovative concept of approximated scalar sign function is introduced. Through the proposed methodology, the non-smooth dynamical system model can be transformed into a universal and smooth model. Thus, the following optimal linearization can be applied to obtain the local linear model at any operating point. Finally, two illustrative examples, representing hysteresis and friction, respectively, are given to demonstrate the effectiveness of the proposed method.
matrix sign function. In the development of sign function, a continued fraction expansion form was established. It was shown that a certain order of truncation of the expansion can effectively approximate the sign function. Through the proposed approximated scalar sign function, the non-smooth dynamical model can be transformed into a smooth function. Then the following optimal linearization can be conveniently applied.
The rest of this paper is organized as follows. Section II describes the development of approximated scalar sign function. Section III introduces the optimal linearization method for the resulting smooth system model. In Section IV, two illustrative examples, representing coulomb friction and Bouc-Wen hysteresis, respectively, are given to demonstrate the effectiveness of the proposed modeling method. Section V concludes this paper.
II. APPROXIMATED SCALAR SIGN FUNCTION
The scalar sign function is defined in [3] 
The j-th truncation of (3b) can be expressed as 
where j is known as the approximation order. Substituting (3c) into (2) yields the approximated scalar sign function 
Thus, the scalar sign function for a real number can be specified as
where R   , and j-th order truncated approximation for (8) can be given as
Differentiating (9) with respect to σ yields   is shown in Fig. 2 . It can be seen from Fig. 1 that the higher the approximation order j, the closer the approximated scalar sign function (9) to approach the original sign function (8) . From Fig. 2 , it is shown that the approximated scalar sign function (9) is differentiable everywhere with the largest derivative value at σ=0, which equals the approximation order j. For a non-smooth dynamical system with sign function constraint, a universal and smooth model can be obtained by replacing (8) with the proposed approximated scalar sign function (9) . Thus a universal linearization can be conducted, so that traditional piecewise models can be avoided. . 
III. OPTIMAL LINEARIZATION
With a smooth nonlinear model available, the next step is to conduct optimal linearization to obtain the local linear model at any operating point of interest. Consider a general class of smooth nonlinear system in the form
where   (12) where A k and B k are constant matrices of appropriate dimensions. If this linear model have the similar dynamics as the nonlinear system around the operating point of interest, then mature control theory and numerous design techniques for linear systems can be taken advantage to yield a functional controller for the nonlinear system. Based on Taylor expansion, Jacobian linearization [6] is a commonly used method to make local linearization. However, as commented in [7] and [8] , truncated Taylor expansion often results in an affine rather than linear model in x and u, even if the operating point is an equilibrium. The only exception is the trivial case that the operating point is just at the equilibrium of the origin. These comments can be confirmed with an autonomous nonlinear system
where     f x t is a scalar nonlinear function. At an arbitrary operating point x k , the resulting linear model of (13) from truncated Taylor expansion is
which describes a tangent line T to the curve   fx through the operating point in Fig. 3 . Since the line T is not crossing the origin, the intercept on x will lead to an affine model. The desired linear model (12) for the system (13) is a straight line crossing both the origin and the operating point, shown as the line L in Fig. 3 . The only exception for the tangent line T to go through the origin is the operating point
To overcome the weakness of Jacobian linearization, Teixeira and Zak proposed an optimal linearization method in [7] . According to this method, an optimal linear model (12) can be obtained at any operating point, which has the exact dynamics of the nonlinear system (11a) at the operating point and minimum approximation error (in the least square sense) in the vicinity of the operating point. The reasoning process is briefed below.
In order to well approximate the dynamics of (11a) in the vicinity of the operating point x k , A k and B k in (12) should satisfy that in a neighborhood of
and
Since the control input u can be arbitrary, it is necessary that
Then (15) becomes
namely, 
where  :
Then the problem of (15) is reduced to find 2
As a convex constrained optimization problem, (21) has the solution (24) into (23) gives 
IV. ILLUSTRATIVE EXAMPLES

A. Coulomb Friction in DC Motor
Widely existing in mechanical systems, friction can potentially cause steady-state error, limit cycle, or stick-slip phenomenon especially at a low speed in the conventional linear control of positioning systems [9] . This example focuses on a simple case of coulomb friction occurring in DC motor. Coulomb friction is usually ignored in the formulation of DC motor"s state-space model and regarded as a disturbance in conventional control designs. It is a good example to illustrate the effectiveness of the proposed method and presents an innovative way to include the friction in system modeling.
Considering coulomb friction, DC motor system is given as
where i is the motor current, ω is the motor speed, V m is the motor voltage, T L and T f are the load torque and coulomb friction, respectively; other physical parameters are explained in Table I . The commonly used DC motor model in the state-space form is
where the load torque T L and the coulomb friction T f in (28b) are ignored.
Not like the load torque T L which is an external variable, the coulomb friction T f is an intrinsic element which can be identified through characterization experiment. Depending on the direction of rotation, the coulomb friction T f can be modeled as
where µ is the coulomb friction constant given in Table I 
in which ω k is the motor speed at the operating point and
is the differentiation (10) evaluated at ω=0, which equals the approximation order j.
Substituting (32) into (28) and ignoring external load torque T L yields the linear DC motor model in the state-space form as
where K f accounts for the coulomb friction T f . In order to reflect the dynamic properties at different operating point, this model needs to be updated periodically. Fig. 4 shows the simulation results of open loop control of three models: the non-smooth DC motor model (28) with coulomb friction (30), the conventional linear DC motor model (29) which does not include coulomb friction, and the proposed linear DC motor model (33) which is updated periodically to account for the coulomb friction. Setting the motor voltage V m as 2V for the first 3s, and then changed to -2V, the load torque T L = 0, and the proposed model (33) with the approximation order j = 50 is updated at the sampling period of 0.2s. It can be seen that except for the first beginning, the speed curve of proposed model (33) quickly converge to the original non-smooth model (28), while the curve made of conventional model (29) which does not include friction departs from the actual system performance.
B. Bouc-Wen Hysteresis
Hysteresis refers to the input-output dynamic relations having memory effects, which is encountered in many physical systems, like electronics, magnetism, mechanics, and structures, etc. Introduced by Bouc in [10] and extended by Wen in [11] , Bouc-Wen model was originally used to describe the hysteretic relation between the restoring force and the displacement. Over the past decades, this analytic model has been extensively used in modeling a variety of hysteretic patterns. A comprehensive survey on Bouc-Wen model and its applications can be found in [12] [13] .
This example considers a single-degree-of-freedom system
where s is the displacement, R(t) is the restoring force, e(t) is an excitation force, m is the mass and c is the viscous damping constant. According to the Bouc-Wen model in [11] , the restoring force R(t) is described by
where α, k, D are physical parameters related to stiffness, elasticity etc; h is a hysteretic variable, usually called the hysteretic displacement, that follows the following nonsmooth differential equation
where λ, β, γ and n are dimensionless quantities shaping the hysteretic behavior. Equation (36) can be also expressed as
for is odd for is even.
By utilizing the approximated scalar sign function (9) and optimal linearization (26), the optimal linear model of hysteretic single-degree-of-freedom system (38) can be found in the state-space form as
where A k is given by (41) at the equilibrium point or by (42) at off-equilibrium points, and B=(0, 1/m, 0) T . (t), m=1, c=1, α=0.5, k=1, D=1, λ=1 , β=1, γ = -1.5, n=2, and the proposed model (43) with the approximation order j=50 is updated at a period of 0.2s. The temporal behaviors of displacement and restoring force are shown in Fig. 6 . The loops and temporal curves from the proposed linear model (43) agree well with those from the non-smooth model (38), which verifies the effectiveness of the proposed method.
V. CONCLUSION
This paper proposes an innovative methodology to linearize a sign-function-constrained non-smooth model with the approximated scalar sign function. Through the proposed method, the non-smooth model can be transformed into a universal and smooth model. Thus, the following optimal linearization can be applied to obtain the local linear model at each operating point. Since traditional piecewise models are avoided, the resulting controller can be synthesized in a unified framework. The effectiveness of proposed method is demonstrated through two examples, representing typical non-smooth nonlinearities of friction and hysteresis, respectively. Displacement of (38) Displacement of (43) Restoring force of (38) Restoring force of (43) Fig. 6 . Temporal behavior of hysteresis loops of (38) and (43). 
